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RESUMO

Nos altimos anos, muitos métodos de tomada de decisdo multicritério (inglés: multi-criteria decision
making, abreviado por MCDM) tém sido propostos. Um desses métodos conhecido como TODIM tem
sido expandido para lidar com problemas de tomada de decisdo incertos. Primeiramente usando nimeros
fuzzy e recentemente usando numeros fuzzy intuicionista. O método recentemente desenvolido abreviado
por IF-TODIM permite modelar a informacdo fuzzy através de sua funcdo de pertinéncia e de ndo
pertinéncia. Neste artigo, nos extendemos 0 método IF-TODIM para abordar problemas envolvendo um
grupo de tomadores de decisdo. Um estudo de caso ilustra a aplicagdo e os resultados mostram a
viabilidade do novo método.

Palavras chave: Tomada de decisdo multicritério, tomada de decisdo em grupo, nimeros fuzzy
intuicionista, IF-TODIM.

ADM - Apoio a Decisdo Multicritério

ABSTRACT

In the last few years, several Multi-criteria Decision Making (MCDM) methods have been proposed. One
of these methods, known as TODIM (an acronym in Portuguese for Interative Multi-criteria Decision
Making), has been extended to uncertain MCDM problems. Firstly, using fuzzy numbers and recently
using intuitionistic fuzzy numbers. The recently developed intuitionistic fuzzy TODIM, for short, IF-
TODIM, allows to model the fuzzy information by means of its membership and non-membership
functions. In this paper, we extend the IF-TODIM to tackle decision making problems that take into
account a group of decision makers. A case study illustrates the application and the results show the
feasibility of the new method.

Keywords: Multi-criteria decision making (MCDM), group decision-making, intuitionistic
fuzzy numbers, IF-TODIM.

MCDM — Multi-criteria Decision Making
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1. Introduction

Multi-criteria Decision Making (MCDM) problems occur in different areas of science and engineering
(Hwang and Yoon, 1981). Several research efforts have been made in order to develop new methods or to
improve existing ones. Typical challenges for MCDM methods are uncertainty, risk, among others. One
of these MCDM methods named TODIM (an acronym in Portuguese for Iterative Multi-criteria Decision
Making), was proposed by Gomes and Lima (1992). In the original formulation of the TODIM, the rating
of alternatives, which composes the decision matrix, is represented by crisp values. Despite its
effectiveness and simplicity in concept, this method presents some shortcomings because of its inability
to deal with uncertainty and imprecision inherent in the process of decision making. The TODIM method
in its original formulation (Gomes and Rangel, 2009) was not able to handle uncertainty. Recently,
Krohling and de Souza (2012) presented a fuzzy TODIM to tackle uncertain MCDM problems. A clear
advantage of this method is its ability to treat uncertain information using fuzzy numbers.

Atanasov (1986) proposed a more general theory for fuzzy sets, known as intuitionistic fuzzy sets,
which is described by a membership function and a non-membership function. In the last few years,
intuitionistic fuzzy numbers have been applied to solve MCDM problems (Atanassov, Pasi, and Yager,
2005; Xu, 2007; Lin, Yuan and Xia, 2007; Liu, and Wang, 2007; Boran, Kurt and Akay, 2009; Wang and
Zhang, 2009a; Wang and Zhang, 2009b; Wei and Wang, 2009; Wei, 2010; Chen and Li, 2011; Shen,
Wang and Feng, 2011). Based on fuzzy TODIM (Krohling and de Souza, 2012) and intuitionistic fuzzy
numbers (Atanasov, 1986), we recently develop the intuitionistic fuzzy TODIM method, for short, IF-
TODIM to handle uncertain MCDM problems. The goal of this work is to extend the previous work on
IF-TODIM to a group of decision makers to find the best alternative given the importance weights
assigned to each of the decision makers.

The remainder of this paper is organized as follows. In section 2, some preliminary background on
intuitionistic fuzzy numbers is provided. In section 3, a new intuitionistic fuzzy TODIM for group
decision making, named IFG-TODIM, for short, is developed to tackle uncertain decision matrices
modeled by intuitionistic trapezoidal fuzzy numbers. In section 4, a case study is presented to illustrate
the method and the results show the feasibility of the approach. In section 5, some conclusions and
directions for further research are given.

2. Preliminaries on intuitionistic fuzzy sets and intuitionistic fuzzy numbers

Next, some basic definitions of intuitionistic fuzzy sets and fuzzy numbers are provided. The reader
interested in more detailed information is referred to (Atanassov, 1986; Dubois et al., 2005; Szmidt, and
Kacprzyk, 2000; Grzegorzewski, 2004).

Definition 1: Let X be the universe of discourse. An intuitionistic fuzzy set A is characterized by a subset
of X defined by A:{<X,,uA(X),VA(X)> |xex}, where u, : X —[0;1] andv, : X —[0;1] with the condition
0< upa(X)+va(x) <1 | vxe X. The numeric values ,(x) and va(x) stands for the degree of membership
and the degree of non-membership of x in A, respectively (Atanassov, 1986).

Definition 2: An intuitionistic trapezoidal fuzzy number & is defined by &= (ay,ay,a3,a4;425,73) With
membership function given by (Wang and Zhang, 2009; Wei, 2010):

X_al -

—_— U5 a2>XZa1

-

Hs a=xXa

™ X —
5 (X) a —x - 1)

—— .l ay >X>ag

a4—a3

0, otherwise,
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while the non-membership function is given by:

a, —X)+vs(X—a
(2 ) a( 1), a >x2a1
Q-
Ve () = Va ag=x>ay @
a - ~
X—a3)+Vvs(ag — X
(x—ag)+vz(ay ), 8, > x> 8y
a, —ag
0, otherwise.

The values 5 andvy represent the maximum value of degree of membership and degree of non-
membership of &, respectively. For instance, consider the intuitionistic trapezoidal fuzzy number (ITFN)
(VG;0.6,0.3) =(0.5,0.75,0.95,1; 0.6,0.3). In this case, a decision maker not only assess the rating of an

alternative by using the linguistically defined trapezoidal fuzzy number (TFN) VG (Very Good) but also
provides the degree of membership and non-membership, 0.6 and 0.3 respectively.

Definition 3: Let &= (a,ay,a3,84;/25,5) and 6=(bl,b2,b3,b4;[16,‘76), be two intuitionistic trapezoidal

fuzzy numbers and k >0 be a scalar number, then the operation with these fuzzy numbers are defined as
follows (Wang and Zhang, 2009; Wei, 2010):

1. Addition (+)
a(+)b =(ag,ap,83,84; 113, v5) (+) (b1, bp, b3, by 45, v5)
= (a1+bl, a.2 +b2, a3 +b3,a4 +b4;/,~lé +/~16 —[ta '[16,175 &6)

2. Multiplication (.)
a()b = (ay,ap,a3,84; 3, va) () (b, 02,b3,bs; 425, v5)
= (a by, @by, 83-bs, a4 by; iy - fig, dla + H ~ V5 V).

3. Multiplication by a scalar number k
k& =ka =k-(ay,ap,85,84; /i, 75) = (Kay, Kag, Kag,kay;1—(L—5)%,v5).

4. Exponentiation
5k k ok ok ok.o~k 5k
a%=(a", &, ag",a, ity 1-(1—-75)").

Definition 4 Let an intuitionistic trapezoidal fuzzy numbera = (a,a,,a5,a4;/25,v4) , then its expected
value is calculated as 1(8)=[(a +ay+ag+ay) -1+ —v5)]/8. In addition, definitions for
S(@)=1(8)-(izy —vy) and H(A) =1(a)-(iz +v5) are presented, which are known as score function and
accuracy function, respectively (Wang and Zhang, 2009).

Definition 5: Let two intuitionistic trapezoidal fuzzy numbers &=(a,a,,a5,a4;/%,75) and
b = (by,by.b3.by: 2% 7;), then (Wang and Zhang, 2009):

If S(8)>S(b) thena>b.

If S(&) =S(b) and If H(&) =H(b) thena =bh.

If S(&)=S(b) and H (&) > H(b) then & > b.
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Definition 6: Let two intuitionistic trapezoidal fuzzy numbers &=(a,a,,a5,a4;/%,75) and
b= (by, by, b3, by 25, 75), then the distance between them is calculated as (Wang and Zhang, 2009):
e 1 . L
d(@,b) = [+ 5 ~7a) 2~ (L+ B ~75) by
+|(1+[la—‘75)'32—(1+[15—‘75)'b2| @)
+|@r iz V) -ag — U+ g —75) By
+|@+ itz —73) -2 — @A+ ft5 — V) by .
For instance, consider & =(VL;0.8,0.1) = (0.1,0.2,0.3,0.4;0.8,0.1) and b =(EH;0.7,0.2) =

(0.7,0.8,0.9,0.95;0.7,0.2), where VL and EH are linguistic definitions of the trapezoidal fuzzy numbers,
Very Low and Extremely High, respectively. The distance between them is d(&,b) = 0.4156.

3. Intuitionistic Fuzzy Multi-criteria Decision Making
Intuitionistic trapezoidal fuzzy numbers are effective for solving decision-making problems, where the
available information is imprecise.

Let us consider the fuzzy decision matrix A, which consists of alternatives and criteria, described by:

c .. C,
% Xll cee Xln

A= : . :
Am )~(ml f(mn

where A, Ay,---, A, are alternatives, C;,C,,...,C,, are criteria, and %; are intuitionistic trapezoidal fuzzy
numbers that indicates the rating of the alternative A with respect to criterionC;.The weight vector
W =(w;,W,...,w, Jcomposed of the individual weights w;(j=1..,n) for each criterion C; satisfying

n
z WJ =1.
j=1
In the following section, the method is presented.

IFG-TODIM: An intuitionistic fuzzy TODIM for group decision making

The group decision-making framework proposed by Zhang & Lu (2003) integrates the following
properties: decision makers may have different weights; decision makers can express fuzzy preferences
for alternative solution; decision makers can give different judgments on selection criteria; and to each
group member (decision maker) is assigned a weighting. The final group decision is made through
aggregating group members’ preferences on alternative under their weights and judgments on selection
criteria. In a previous work, it was developed a Fuzzy TOPSIS for group decision making (Krohling &
Campanharo, 2011). In this paper, based on that work we extend the recently developed intuitionistic
Fuzzy TODIM (Krohling, Pacheco, & Siviero, 2013) for group decision making. So, it is possible to take
into account the preferences of the decision makers.

Let us consider a group decision making problem, which consists of L members (DM) that participate in
the decision-making process as given by G = {My, M5, ..., M }. As we have a group of L decision makers,
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the weight vector with respect to each group member is described by W' = (wi wh ..., w}) with | = 1,
2,...,L, where each wj’ represents Z}lzl sz = 1 by the group member M;, which satisfies 0 < w{ <1 We
assume also that each group member (DM) has a degree of importance described by 0 <c;< 1,
i oq=1.

The IF-TODIM method is applied to the intuitionisitic fuzzy decision matrix for each one of the L
decision makers. The results are then aggregated to create a new decision matrix, with the results from the
previous method. The TODIM method is then applied to the resulting decision matrix with the assigned
importance weights to each of the L decision makers. After that, the ranking of each alternative through
the final normalized values are obtained from the application of the TODIM method. The proposed
method is illustrated in Fig. 1.

Group decision making problem with
uncertain data

l

‘ Criteria and Alternatives ‘ <"— cach criteria

DM DMz DMk
( 1F-TODIM ) (1F-TrOoDIM )  ( IF-TODIM |

TODIM — Importance wiai?;hts
for each Decision
~ @ - Maker
Final
Ranking

Figure 1. lllustration of the IFG-TODIM for group decision making.
The steps to calculate the best alternatives are described in the following:

Step 1: The criteria are normally classified into two types: benefit and cost. The intuitionistic trapezoidal

fuzzy-decision matrix A= [X‘J’]mxn withi=1..m, and j=1..n is normalized, which results the

correspondent fuzzy decision matrix R = [ﬁj] . The fuzzy normalized value F;is calculated as:
mxn
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4 k
max(aij )— a;

rijk = i —— with k=1,2,3,4 for cost criteria
max; (&;") —min; g;
; a;“ —min(ay") _ o
i = 7 - T withk=1,2,3,4 for benefit criteria (4)
maxi(aij )—mmiaij

We denote a, of a; ={(a,,a,,a,,a,)}as a;*

3
i €0, a;° =a,.

Step 2: Calculate the dominance of each alternative R, over each alternative R j using the following

expression:
S(RIRD=24R.R) V(i) (5)
c=1
where
W,
—C . d(F,, X, if (F, > i
Z(r:n=1wrc ( J ) ( ’ ] )
¢.(R.Rj) =10, if (g = Fic) (6)

—)' d(rzic')zjc) if (ﬁc < ch)

The term ¢.(R,,R j), denoted by partial dominance, represents the contribution of the criterion c to the
function 5(I§i,§j)when comparing the alternative i with alternative j. The values F, and f; are the
rating of the alternatives i and j, respectively with respect to criterion c. The value w,, represents the

weight of criterion ¢ divided by the weight of the reference r, i.e., w, :ﬂ, whereas the latter is the
WI‘

criterion that has the greater weight. The term d(fi,fjc) stands for the distance between the two
intuitionistic fuzzy numbers . and fj, calculated by Eq. (3). Three cases can occur in Eq. (6): i) if
(fc > Tjc), it represents a gain; ii) if (fc =Fjc), it is nil; and iii) if (fc <Fjc), it represent a loss.
Definitions (4) and (5) are used in each case. The parameter @ represents the attenuation factor of the

losses. The final matrix of dominance is obtained by summing up the partial matrices of dominance for
each criterion.

Step 3: Calculate the global value of the alternative i by normalizing the final matrix of dominance
according to the following expression:

C>58G, ) -min Y sG, §)
~max > 8(, ) -min > &G, ) (7)

S

The final matrix of dominance for each group member is then aggregated to form a new crisp decision
matrix as given by:
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E(A) A
C= : :

1 L (®)
E(Aw) - FE(A)

From this stage on our method continues by applying the standard TODIM method to the
resulting decision matrix given by (8) in order to identify the matrix of dominance and the ranking of the
alternatives.

Step 4: For the decision matrix C, we now have associated an importance weight to each group member
o, for 1=1,...,L. Within the decision matrix C, we calculate the dominance of each alternative A over

each alternative A, using the following expression:

L
5G(A’Aj)=z¢l(Ai*Aj) v(@, §) 9)
c=1
where
o (Xic - X'c) ;
'ZcL—zlall if (X —Xjc)>0
# (A, A)=10 if (Xic —Xjc) =0 (10)
-_1 (Zc:lal )(ch — Xic) if (. - ch) <0
o0 Q)

The term ¢ (A, A;) represents the contribution of the group member | to the function &5 (A, A;) when

comparing the alternative i with alternative j. The parameter @ represents the attenuation factor of the
losses, which can be tuned according to the problem at hand. In expression 10) it can occur 3 cases: i) if
the value (x;. —Xx;) is positive, it represents a gain; ii) if the value (x —x;c) is nil; and iii) if the value

(Xic —Xjc) Is negative, it represent a loss. The final matrix of dominance is obtained by summing up the
partial matrices of dominance for each group member.

Step 5: Calculate the global value of the alternative by normalizing the final matrix of dominance
according to the following expression:

_ 2860 1)—min ¥ 55 i )

max » 3¢ (i, j) —min>_ 55 (i, j) (11)
Sorting the values &g provides the rank of each alternative. The best alternatives are those that have
higher value &; .

e

4. Experimental Results
This case study, which is used as benchmark, was investigated by Shen, Wang and Feng (2011). The
authors also developed a group decision making method using intuitionistic trapezoidal fuzzy numbers. In
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this case, the problem consists of an information system made up of 5 sub-systems which are the
alternatives A withi=1,...,5. The risks of each sub-system are evaluated according to four criteria

Cj withj=1..,4.The weight vector associated to each criterion is given by W =(w;,w,,ws,wy)=

(0.2,0.1,0.3,0.4). The goal is to find out the most unsafe sub-system for a specific application. There are

three decision makers (DM) involved in the assessment of the five sub-systems according to the four
criteria. The intuitionistic trapezoidal fuzzy decision matrix for each decision maker k described by

R = (7§”)ses Withk =1,2,3 is given in Table 1. The importance weight of each decision maker used is

a =(0.35,0.4,0.25). First, the IF-TODIM is applied to each one of the three intuitionistic fuzzy decision

matrix, which results the 3 columns listed Table 2. Next, the application of the original TODIM to the 3
columns of the matrix in Table 2 results the final ranking as given in the 4" column of the same matrix.

As we can notice, the final ranking obtained is A, = A; = A, = Az = A;. In this case, the sub-system A, is
the most critical one. We carried out the experiments for two different values of #=1 and #=2.5. One
observes that the parameter ¢ has a small influence on the value & ,but it does not change the final

ranking of the alternatives. The results obtained for =1 and @ =2.5 is listed in Table 2 and Table 3,
respectively. The ranking of the alternatives and the prospect function for =1 and & =2.5 are depicted
in Fig. 2 and Fig. 3, respectively.

Table 1: Intuitionistic fuzzy decision matrices for 3 decision makers.

RZZ

R3=

[(0.50.6 0.7 0.8; 0.5,0.4)
(0.60.70.80.9; 0.7,0.3)

=((0.10.20.4 0.5; 0.6,0.4)

(0.30.40.50.6; 0.8,0.1)
(0.20.30.40.5; 0.6,0.2)

[(0.40.50.60.7; 0.4,0.3)
(0.5 0.6 0.7 0.8; 0.6,0.2)
(0.10.2 0.3 0.4; 0.5,0.3)
(0.3 0.4 0.5 0.6; 0.8,0.1)
(0.10.20.30.4;05,0.1)

[(0.60.70.80.9; 0.4,0.5)
(0.7 0.8 0.9 1.0; 0.6,0.4)
(0.2 0.3 0.5 0.6; 0.5,0.5)
(0.40.50.60.7; 0.7,0.2)

1(0.30.40.50.6;0.5,0.3)

(0.10.20.30.4; 0.6,0.3)
(0.50.60.7 0.8; 0.7,0.2)
(0.20.30.50.6; 0.5,0.4)
(0.10.30.40.5; 0.6,0.3)
(0.30.40.50.6; 0.4,0.3)

(0.10.20.30.4; 0.6,0.2)
(0.4 0.5 0.6 0.7; 0.6,0.1)
(0.10.2 0.4 0.5; 0.4,0.3)
(0.10.2 0.3 0.5; 0.5,0.2)
(0.2 0.3 0.4 0.5; 0.3,0.2)

(0.20.30.40.5; 0.5,0.4)
(0.6 0.7 0.8 0.9; 0.6,0.3)
(0.3 0.4 0.6 0.7; 0.4,0.5)
(0.2 0.4 0.5 0.6; 0.5,0.4)
(0.4 0.50.6 0.7; 0.3,0.4)

(0.5 0.6 0.8 0.9; 0.3,0.6)
(0.40.50.70.8; 0.7,0.2)
(0.50.60.7 0.8; 0.5,0.3)
(0.10.30.50.7; 0.3,0.4)
(0.20.30.40.5; 0.7,0.1)

(0.4 0.5 0.7 0.8; 0.2,0.5)
(0.3 0.4 0.6 0.7; 0.6,0.1)
(0.4 0.5 0.6 0.7; 0.4,0.2)
(0.10.2 0.4 0.6; 0.2,0.3)
(0.10.2 0.3 0.4; 0.6,0.2)

(0.6 0.7 0.9 1.0; 0.2,0.7)
(0.5 0.6 0.8 0.9; 0.6,0.3)
(0.6 0.7 0.8 0.9; 0.4,0.4)
(0.2 0.4 0.6 0.8; 0.2,0.5)
(0.30.40.5 0.6; 0.6,0.2)

(0.40.50.60.7; 0.2,0.7) ]
(0.5 0.6 0.7 0.9; 0.4,0.5)
(0.30.50.70.9; 0.2,0.3)
(0.6 0.7 0.8 0.9; 0.2,0.6)
(050.60.70.8;0.1,0.3)

(0.3 0.4 0.50.6; 0.1,0.6) |
(0.4 0.5 0.6 0.8; 0.3,0.4)
(0.2 0.4 0.6 0.6; 0.5,0.2)
(0.5 0.6 0.7 0.8; 0.1,0.5)

(0.4050.60.7;0.4,0.2) |

(0.50.60.7 0.8; 0.1,0.8) |
(0.6 0.7 0.8 1.0; 0.3,0.6)
(0.40.6 0.8 1.0; 0.5,0.4)
(0.70.80.9 1.0; 0.1,0.7)
(0.60.70.80.9;0.4,0.4)
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Table 2: Ranking of the alternatives using & = 1.

Alternatives DM 1 DM 2 DM 3 Final Ranking
lfi %, %, ¢4
A 0 0 0 0
A, 1.0000 1.0000 1.0000 1.0000
Aq 0.2969 0.1241 0.4714 0.4237
A, 0.4192 0.2986 0.3907 0.5169
A 0.3561 0.3469 0.4840 0.5853

Table 3: Ranking of the alternatives using & = 2.5.

Alternatives DM 1 DM 2 DM 3 Final Ranking
&1 &2 &3 €
A 0 0 0 0
A, 1.0000 1.0000 1.0000 1.0000
Aq 0.3191 0.1831 0.5021 0.3950
A, 0.3737 0.2762 0.3419 0.4037
A 0.3454 0.3722 0.4985 0.5066

09

0.8

0.7

06

05

0.4

0.3

0.2

0.1

Figure 2. Ranking of the alternatives for # =1 and 6 =2.5.
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¢06=1

mo=25

q
ra

C
4

Figure 3. Prospect function value for 8 =1 and 8 =2.5.

According to the results obtained, the best alternative is A2. However, the uncertainty of the decision
matrices (the membership and non-membership degrees) may affect the final ranking of the alternatives
as recently investigated by Krohling, Pacheco, and Siviero (2013). The method can be applied to other
MCDM problems with a finite number of alternatives, criteria and decision makers.

4. Conclusions

In this paper, based on previous work on intuitionistic fuzzy TODIM, we extend the approach for group
decision making, for short, IFG-TODIM. This approach takes into account the uncertainty of the decision
matrices and the importance weight of the decision makers to find the best alternative in a multi-criteria
decision making problem. In this work, we have applied the proposed method to a case study, where the
decision matrices are represented by intuitionistic fuzzyy matrices and the results indicated the
effectiveness of the IFG-TODIM method when considering several decision makers with different
importance weights. The method is currently being expanded to other applications.

Acknowledgements: R.A. Krohling would like to thank the financial support of the Brazilian agency
CNPq under Grant No. 303577/2012-6.
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